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Abstract. In an attempt to co~stmct an analytic theory of anisotropic random flight, the need 
has arisen to construct phase-hmctions far which the expansion in spherical harmonics has only 
a limited number of terms, but which have a high value for the asymmetry parameter g. We 
describe the procedure to find the phase-function which has a maximum value of g For given N. 
where N is the number of spherical component! of the phase-function. It appers that in order 
to attain 8 = 0.9, one needs a phase-function composed of at least nine spherical components, 
or equivalently a polynomial of degree nine. 
1. Introduction 
The mathematical description of the propagation of light in biological tissues is usually based 
on diffusion theory (Fanell et al 1992, Patterson et a f  1991, Groenhuis et al 1983) which 
has its limitations. Analytical random-walk theory is a promising alternative to diffusion 
theory (Gandjbakhcbe eraf 1992), if one is interested in the behaviour of short pathlengths, 
near boundaries and sources etc. 
Although scattering in biological tissues is often strongly peaked in the forward direction 
(Flock etal 1987), the usual approach is to perform calculations based on isotropic random- 
walk theory and take anisotropy into account by the use of suitable scaling laws (Wyman and 
Patterson 1988). A more complete theory of anisotropic random walk requires the inclusion 
of higher moments of the angular probability distribution, or phase-function (Van De Hulst 
1980). It is then important to know how, given a fixed number of terms in the Legendre 
expansion of the phase-function, one can construct the most sharply peaked phase-function. 
2. Method 
In accordance with the above, we write the phasefunction in the form 
where P,(cos9) is the Legendre polynomial of order 1 .  Because f(cos 9) is a probability 
density, it must be normalized and non-negative for all scattering angles. In terms of the 
variable U = cos$, the usual normalization condition is (Van De Hulst 1980) 
1 
f ( u ) d u  = 1 (2) 
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and non-negativity reads 
f (U) > 0 - l < u < l .  
The mean scattering cosine or g-value is (Van De Hulst 1980) 
(3) 
Thus, our problem is: given a polynomial of fixed degree N ,  maximize the value of g in 
equation (4), subject to conditions (2) and (3). The normalization condition (2) can always 
be fulfilled by simply dividing by the norm, but non-negativity (3) is more difficult to 
ensure. Things are most simple for even N ,  so that we shall treat this case first. 
We thus write 
f ( u )  = A(u)A*(u) (5) 
where A(u) is a polynomial of degree N / 2 .  
degree at most m, endowed with the scalar product 
Define the space S,,, as the (m + I)-dimensional space containing all polynomials of 
In S, we can choose an orthonormal basis by the first m (including zero) normalized 
Legendre polynomials 
Fj(u) = pj(u)Ji + 4 (7) 
so that (pil F j )  = & , j .  These polynomials satisfy the recursion relation 
uF;(u) = [(i + I ) /J (2 i  + 1)(2i + 3)]F,+I(u)  + [ i / J ( Z i  + 1)(2i - 1)1Fi-,(u) (8) 
which can be derived from the conventional relation (Abramowitz and Stegun 1964) 
(n  + 1)Pn+1(u) = (2n + l )uP,(u)  - ~ P , , - I ( u ) .  (9) 
If we define the operator U as multiplication by the function U, we can use equation (8) to 
deduce a matrix representation for U in S,,,; e.g. in S, we have 
We can now reformulate our problem in terms of A(u), namely, find the polynomial A(u) 
of degree 4 N for which 
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is a maximum, subject to no further conditions. U A ( u )  is a polynomial of degree 1N + 1, 
but the component which is not in S N , ~  will vanish on taking the inner product, so we may 
limit the problem to SNIZ. The functional in (11) is simply a Rayleigh quotient, so by the 
use of the Lagrange multiplier A it can easily be shown (Mathews and Walker 1970) that 
maximizing this functional is equivalent to maximizing (A lU lA) -A(A[A) ,  which, on taking 
the gradient with respect to IA) ,  can be rewritten as the eigenvalue problem 
U I A )  = AlA). (12) 
Hence the problem has been reduced to finding the eigenvalues and eigenfunctions of the 
matrix of U in SN,, (like the one in equation (10)). Since U is a Hermitian operator, 
all eigenvalues will be real. The calculation of the eigenvalues is straightforward, and by 
multiplying equation (12) from the left by (AI and comparing with equation ( l l ) ,  we see 
that the greatest eigenvalue will be equal to g. 
Once the eigenvalues are known we may find the eigenfunctions as follows: suppose 
A,(u) is an eigenfunction, belonging to eigenvalue M. We then have (U - @)[A,)  = 0 and 
hence 
(Bl(u - p)A, )  = 0 for all B E SN12. (13) 
Therefore (U - p) IA, )  is in the orthogonal complement of the space S N / ~ .  But since 
( U  - p)A,(u) is a polynomial of degree $ N  + 1, it is also confined to the space S N ~ + I .  
These two conditions fix (U - p)A,(u) up to a proportionality constant 
fu - ML)A(U) KN/Ztl(U) (14) 
where KNI*+, is a polynomial of degree $ N  + 1 in the orthogonal complement of 
S N ~ .  However, a similar argument holds for all eigenvalues. Hence K,vntl(u)  must 
be proportional to (U - Ai) for all i N  + 1 eigenvalues Ai. Therefore, K N J ~ + L ( u )  itself 
is fixed up to a constant of proportionality and we may set it equal to the characteristic 
polynomial of the matrix of U in S N ~  
KNIz+I(U) = (U - AI). . I (U - hN/z+t). (15) 
For the eigenfunction A,(u) we have from (14) 
Since all eigenvalues are real, so are the eigenfunctions. Thus the phase-functions, which 
we were looking for, are given by 
f,v/z(u) = U K N / Z + I  (U)/@ i h " l 2  (17) 
in which L is the normalization constant, given by 
I 
L-I = i S _ l [ K ~ / ~ + ~ ( ~ ) / ( u  - Amdlzdu (18) 
and Amax = g .  
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In the case of even N we can actually do slightly better, because the characteristic 
polynomial A,@) of the (m + 1) x (m+ 1) matrix of U in S, multiplied by some constant 
c,, is the Legendre polynomial of degree m + 1, c,A,(h) = Pmtl(h). To see this, expand 
the determinant of the matrix of U - hl in S, where I is the (m t 1) x (m t 1) identity 
matrix. This gives the recursion relation 
A,+,@) = AAm(A) - Im2/(2m t 1)(2m - l ) ] A , - ~ ( h ) .  (19) 
The coefficient of Am+' in Am@) is unity. The coefficient of P"' in the Legendre 
polynomial of degree m + 1 is [2(m t I ) ] ! / T " ' ( m  + I)!'. Therefore, if c, exists, it 
will have this value. 
If we now multiply equation (19) by c, and try to deduce a recursion relation for 
c,A,(A), we obtain exactly equation (9). Because we also have coAo(A) = PI@) and 
cl A ,  (A) = &(A), the relation deduced above is valid for all m. Hence for even N ,  the g, 
value is simply the greatest zero of the Legendre polynomial PNJZ+, and the corresponding 
phase-function is 
f N @ )  = LP;,z+I(u)/(u - &"' (20) 
where L accounts for normalization. The zeros of the Legendre polynomials are tabulated 
and lie all on the real axis, between -1 and 1 (Abramowitz and Stegun 1964). So if N is 
even, the maximum g-value and the corresponding phase-function can be calculated without 
having to find.eigenva1ue.s explicitly. 
If N is odd the procedure is more or less the same. Positivity must now be ensured 
by setting the phase-function equal to A(u)A* (u )V(u ) ,  where V ( u )  = a(u + b) is a linear 
function. Because of normalization we may set a = 1 and because of non-negativity b 
must be greater than unity in any event. To find out the actual value of b we calculate the 
dependence of g,, on b 
where M, denotes the ith moment of A'(u)A(u) .  But the right-hand side of equation (21) is 
always negative, since the denominator is positive and from the Cauchy-Schwarz inequality 
we have I(u AIA)IZ < (A IA) (u  Aju A ) .  Hence we can choose b to be as low as is consistent 
with non-negativity of the resulting phase-function, which results in the value b = 1. 
The functional to be maximized is now 
(AIU(1+ U)IA) / (AI ( I  + W I A )  =g. (22) 
Proceeding as in the above we find that this is equivalent to solving the generalized 
eigenproblem i n  SNJZ+I 
U(l  + U ) l A )  = A(1 + U ) J A ) .  (W 
The matrix representation of the operators in equation (23) is not as simple as in the case 
of even N ,  but it is easy to see that all matrices are still symmetric. The eigenvalues can 
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. . 
Figure 2. The maximum g-value as a hnclion of the number N of spherioll components. 
be found by solving the equation det[U(l + U) - A(1 + U ) ]  = 0 and by a similar argument 
to that following equation (14), it can be shown that the eigenfunctions are related to the 
characteristic polynomial as in equation (16). Hence the desired phase-functions are now 
given by 
SN@) = + Io[K,vjzti(u)/(U - hmdI2 (24) 
in which g = Amax and L ensures normalization, as before. 
If N is odd, there seems to be no simple relationship between the characteristic 
polynomial of U and the Legendre polynomials, so in this case, eigenvalues must be 
calculated explicitly. Still, this is no more complicated than solving one algebraic equation 
numerically. 
3. Results and conclusions 
We have calculated the phase-functions of polynomial degree N which maximize the value 
of g. For even N ,  they are given by equation (20) in which Pi,2+l(u) is the Legendre 
polynomial of degree 4N + 1, g,, is the greatest zero of this polynomial and also the value 
of g, and L is the normalization constant, defined by L-’ = if, P~jztl(u)/(~-g,,)2du. 
For odd N we have equation (24) in which K N 1 2 t l ( ~ )  is a characteristic polynomial defined 
by 
KNp+, (A )  = det[Q - hR] (W 
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in which Q and R are (fiv + 1) x (4N + 1) matrices, defined by 
and 
respectively. 4 ( u )  is the Legendre polynomial of degree 1, as before. Furthermore g,, is 
the greatest zero of K N ~ + I  and this is also the maximum g-value, and L is the normalization 
constant, for which 
Table 1. 
N E  f N ( U )  
I 0.33333 I + U  
2 05l735 1.5(0.57735+ U)’ 
3 0.68990 1.63767(1 + u)(0.28990+ U)* 
4 0.71460 2.5~~(0.77460+u)~ 
5 0.82282 3.0908(1 +U)(” - 0.181 07)’(0.575 32 + U)’ 
6 0.861 14 4.9468(u - 0.33998)’(0.33998+a)’(0.861 14 +U)’ 
I 0.88579 6.6783(1 +U)@ -0.44631)2(0.167 18 + u)’(0.72048+ U)’ 
8 0.90618 Il.O9l(u -0.53847)’u2(0.53841+u)’(0.90618+u)’ 
9 0.92038 
IO 0.93247 
I 1  0.941 37 
12 0.949 11 
15.935(1 +U)& - 0.60397)’(u - 0.12405)2(0.39093 + u)‘(0.80293 + U)’ 
21.202(r, - 0.66121)’(u - 0.23862)’(0.23862 + ~)~(0.66121 + u)’(0.93247+ u ) ~  
40.916(1 + u)(u - 0.70384)*(u -O.326O3)’(OllI734 + u)’(0.53847 + u)’(0.85389+ U)’ 
71.312(” - 0.741 53)’(u - 0.40585)’u2(0.405 85 + u)’(0.74153 + u)’(0.949 I I  +U)‘ 
Table 1 lists the first twelve maximum-g phase-functions, together with their g-value. 
A few of them have also been plotted in figures 1 and 2. 
It can be concluded that in order to attain large g ,  one still needs polynomials of high 
degree, even if one uses the phase-functions with maximal g-value for a given degree, i.e. 
those that we calculated. For g to be 0.95, which is a typical value in soft tissues, one 
needs to retain over twelve terms in the Legendre expansion of the phase-function. 
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